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Convergence of the standard model gauge coupling constants to a common
value at around 2  10
16
GeV is studied in the context of orbifold theories where
the modular symmetry groups for T and U moduli are broken to subgroups of
PSL(2; Z). The values of the moduli required for this unication of coupling
constants are studied for this case and also for the case where string unication is
accompanied by unication to a gauge group larger then SU(3) SU(2)  U(1):
1
When the standard model gauge coupling constants are extrapolated [1, 2] to
high energies using the renormalization group equations of the minimal supersym-






of SU(3) SU(2)U(1) attain a common value at about 2 10
16
GeV. There is
a problem in obtaining consistency with heterotic string theory because tree level
gauge coupling constants in the string theory have a common value [3] at a string
unication scale M
string
around 0:37  10
18
GeV. Amongst the possible ways of
arranging consistency are grand unication of the gauge group to SU(5) or SO(10)
at 2  10
16
GeV with the coupling constants then running with a common value
to M
string
; modication of the running of the renormalization group equations by
the inclusion of extra states [4-7] with mass intermediate between the electroweak
scale and the string unication scale, and inclusion of moduli dependent string loop
threshold corrections [8-11] in the renormalization group equations for the standard




The rst of these approaches requires the gauge group of the heterotic string
theory to be at least at level two to permit Higgs scalars in the adjoint repre-
sentation [13] and it has not been possible to construct realistic models of this
type despite considerable eorts [14]. The second approach requires us to believe
that the observed unication of gauge coupling constants at 2  10
16
GeV using
supersymmetric standard model renormalization group equations is a coincidence,
and without unication to a gauge group larger than SU(3)  SU(2)  U(1); the
third approach appears to require large values of the orbifold moduli to give a suf-
ciently large threshold corrections [15,16]. However, it has been assumed in the
latter calculations that the threshold corrections are those with PSL(2; Z) mod-
ular symmetry in the T and U moduli. These modular symmetry groups can be
broken [17, 18] to subgroups of PSL(2; Z) when the orbifold lattice is such that
some twisted sectors have xed planes for which the six-torus T
6
cannot be decom-




with the xed plane lying in T
2
. We shall refer




case. The modied form of the threshold corrections is
2
known [17, 18]. Modular symmetries of threshold corrections may also be broken
by discrete Wilson line backgrounds [16, 19, 20] though in this case it has not been
possible to date to calculate the form of the threshold corrections.
We shall investigate the eect of threshold corrections with broken modular
symmetries on the values of the T and U moduli for which unication of gauge
group couplings constants occurs at 2  10
16
: ( In a recent paper [21] it has been
shown that the inclusion of Wilson line moduli along with T and U moduli can
result in substantially smaller values of moduli being needed.) We shall also study
the values of the moduli required to achieve this unication of gauge coupling
constants when the gauge group above the unication scale is larger than SU(3)
SU(2)  U(1).
In general, the renormalization group equations, including string loop threshold
corrections, for a semi-simple gauge group with factors G
a
, all at level 1, may be


























is the common value of the gauge coupling constants at the string


















cases, with modular symmetries that are subgroups of









































































where the sum over i is restricted to N = 2 complex planes, which are unrotated
in at least one twisted sector, and for the U moduli is further restricted to complex
planes for which the point group acts as Z
2
. The range over which m runs depends






























orbifolds. In the case of the Z
6
  II   b orbifold, the modulus U
3
is
understood to be replaced by U
3


















, which are determined by the contribution of the massless states to
the modular anomaly [11] in a way that does not depend on the underlying lattice






































) and T (R
a































have been determined [16, 23] for massless states





are the gauge coupling constants for 2 factors of the SU(3) 
SU(2)  U(1) standard model gauge group, and if the unication scale at which
4





= 2  10
16
(8)
























































































In the case of 
i
, the product in (9) sums over all N = 2 complex planes, and
in the case of ~
i




For the supersymmetric standard model with SU(3)  SU(2)  U(1) gauge






































































































where g labels the generations, and L(g) and Q(g) are lepton and quark SU
L
(2)









For a given twisted sector of a given orbifold the possible modular weights of
matter states can be calculated from the twists on the string degrees of freedom
and the left mover oscillators involved in the construction of the states [16, 23]. In
general, for a massless left mover the oscillator number
~









is the normal ordering constant for the particular orbifold twisted sector
and h
KM




algebra. For level 1 gauge group factors G
a






























; for L; d; h;

h; (19)
where the inequality allows for any additional contributions to h
KM
from extra
U(1) factors in the gauge group assumed to be spontaneously broken along at
directions at a high energy scale.
6
Because the complex planes for which both T and U moduli occur are planes
where the point group acts as Z
2
, the modular weights associated with the T and
U modulus for these planes are the same state by state. As a consequence, for such
























































where the product over k is for the N = 2 Z
2
planes and the product over j is









  II   a; b; c, there is only one N = 2 complex plane and so only one complex



























where the N = 2 complex plane, taken to be the third complex plane, is a plane
where the point group acts as Z
M



























if the N = 2 complex plane is a plane where the point group acts as Z
2
.
For all 3 gauge coupling constants to converge to a single value at the same
scale M
X


































For this energy scale to be less than M
string
the sign needed for the exponent in






is greater than or less than 1. A













orbifolds listed in [22] shows that, although
7
it is possible for certain of these functions to attain values greater than 1, they






































































; i = 1; 2: (25)
No further conditions arise from modular anomalies associated with the U moduli
because the modular weights for the T and U moduli associated with a complex
plane are the same state by state.
The conditions to be satised for a solution where all 3 gauge coupling constants














 I orbifolds are now identical to the conditions




versions of these orbifolds. The only dierence




which, for simplicity, was not included in [16]) to obtain
unication at 2  10
16





















case, there are still no solutions for these orbifolds.
This leaves only Z
6


















































































































































































































  II   c
(27)
Solutions with the 3 gauge coupling constants converging to a single value at
the same scale M
X




version of the Z
6
  II
orbifold only for the case in which the threshold corrections are dominated by T
1




, and, as we have argued above, the
conditions to be satised for a solution to exist are identical here. Then, it is

1







and the value T
1
required for unication
at 2  10
16




case or somewhat larger.




dominating the threshold corrections, the








  II   a and Z
6
  II   c cases
would have allowed unication with smaller values of the moduli.)
Convergence of the gauge coupling constants to a common value at M
X
may
perhaps be achieved with smaller values of the moduli when the modular sym-
metries are broken instead [19, 20] by the presence of discrete Wilson lines. For
example, the choice of Wilson lines given in eqn (60) of the rst reference of [19]
when applied to the Z
3
plane of the Z
6










. It is not known at this time how to
calculate the explicit threshold corrections with discrete Wilson lines. However, if
we conjecture a simple form consistent with the modular symmetries by employing
















The orbifold solution with T
1
dominating the threshold corrections will then give



























This is to be compared with ReT
1
 26 when the modular symmetry is unbroken.
Another possible mechanism for convergence of the gauge coupling constants
to a common value to occur at 2  10
16
GeV with moderate values of the moduli
is to have the string unication of SU(3)SU(2)U(1) gauge coupling constants
accompanied by unication to a gauge group larger than SU(3)SU(2)U(1): In
an earlier paper [12], it has been shown that such a unication of coupling constants




orbifolds (though not for Z
N
orbifolds) with
unied gauge group [SU(3)]
3
or SO(4)  SO(6):
For the case of unication to [SU(3)]
3
with the minimal massless matter content






3;3) to provide the generations and




3) providing the [SU(3)]
3
breaking Higgses H and

H above the unication scale, and the massless matter
content of the supersymmetric standard model below the unication scale, the
10








for the SU(3) SU(2)  U(1) threshold














































case, all possible choices of modular weights to satisfy the
conditions for the SU(3) SU(2) U(1) gauge coupling constants to converge to
a common value at a scale less than M
string
with a single T
i
modulus dominating
the threshold corrections can be generated using eqns (27) and (28) of ref. [12]
together with a knowledge of all allowed modular weights of massless states in the




orbifolds [16, 22] when the contribution to the modular





















































We have also tabulated the values of ReT
d
which then produce convergence of the
gauge coupling constants to a common value at 2  10
16





orbifolds are as in table 1. It can be seen that this can be achieved
for values of ReT
d




case need not be considered









and there are then no unication solutions [12] in either the [SU(3)]
3
or the SO(4)  SO(6) case.)
For the case of unication to SO(4)SO(6) with the minimal massless matter
content [26] of three copies of (2;1;4) + (1;2;

4) to provide the generations and
11
one copy each of (2;2;1) + (1;1;6) and H + H = (1;2;4) + (1;2;4) above the
unication scale and the massless matter content of the supersymmetric standard









































For the SO(4)SO(6) case, the conditions for the SU(3)SU(2)U(1) gauge





modulus dominating the threshold corrections are eqns. (23) and (24)
of ref. [12], and in this case the allowed modular weights of the twisted sector


















for (2;2;1) and (1;1;6). We have
tabulated in table 3, the range of allowed values of the exponent  of (32) together
with the values of the T
d
for which convergence of the SU(3)SU(2)U(1) gauge
coupling constants to a common value at 2 10
16
GeV is achieved. It can be seen
that this can be achieved for values of ReT
d
as small as 3:5
In conclusion, a study has been made of convergence of gauge coupling con-
stants to a common value at 2  10
16






orbifolds where the modular symmetries of threshold corrections are subgroups of




orbifolds for which this unication of gauge




version of the orbifold. In no case can the unication at 2 10
16
GeV be achieved




case. However, when the
PSL(2; Z) modular symmetries are broken instead by discrete Wilson lines, smaller
values of the moduli may be possible, though there is uncertainty as to the detailed
form of the threshold corrections in this case. We have also considered convergence
of gauge coupling constants to a common value when string unication is accom-
panied by unication to a gauge group larger than SU(3)SU(2)U(1) and have
found values of the dominant T
i
modulus of around 3, in Planck scale units. will
12
allow convergence of SU(3)  SU(2) U(1) gauge coupling constants to occur at
2 10
16
GeV accompanied by either [SU(3)]
3
or SO(4)  SO(6) unication.
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) and similarly for the point group generator :
Table. 2. Values of the exponent  in (32) and ReT
d










at 2  10
16
GeV.
Table. 3. Values of the exponent  in (32) and ReT
d





ifolds for threshold corrections dominated by a single modulus T
d
and unication













































(1; 5; 0)=6 (0; 1; 5)=6
TABLE 1


































































 0:5, 1,  1:5, 14:3, 8:2, 6:1,












 0:5,  1 14:3 or 8:2
TABLE 2
14
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